Abstract. We raise the following new conjecture: Each natural number n = 216 can be written in the form p + T x , where p is 0 or a prime, and T x = x(x + 1)/2 is a triangular number. For n > 88, 956 we can require further that p is either 0 or a prime congruent to 1 mod 4; for n > 90, 441 we can require further that p is either 0 or a prime congruent to 3 mod 4. Some variants of this conjecture are also mentioned.
On integers of the form p + T x
Since 1 + 2 + · · · + n = n(n + 1)/2, those integers T x = x(x + 1)/2 with x ∈ Z are called triangular numbers. Here is a list of triangular numbers not exceeding 200: 0, 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91, 105, 120, 136, 153, 171, 190. For n, x ∈ N = {0, 1, 2, . . . }, clearly
T n x ⇐⇒ 2n + 1 √ 8x + 1.
Thus, for any x 0, there are exactly ⌊( √ 8x + 1 − 1)/2⌋ + 1 triangular numbers not exceeding x.
Here is an important observation of Fermat.
Fermat's Assertion. Each n ∈ N can be written as a sum of three triangular numbers.
An equivalent version of this assertion states that for each n ∈ N the number 8n + 3 is a sum of three squares (of odd integers). This is a consequence of the following profound theorem (see, e.g., [G, pp. 38-49] or [N, pp. 17-23] ) due to Gauss and Legendre: A natural number can be written as a sum of three squares of integers if and only if it is not of the form 4 k (8l + 7) with k, l ∈ N. Prime numbers play key roles in number theory. By the prime number theorem, for x 2 the number π(x) of primes not exceeding x is approximately x/ log x (in fact, lim x→∞ π(x)/(x/ log x) = 1). Here is a famous result due to I. M. Vinogradov [V] .
Vinogradov's Theorem. Every sufficiently large odd integer can be written as a sum of three primes.
The following well-known conjecture remains unsolved.
Goldbach's Conjecture. Any even number greater than 2 can be expressed as a sum of two primes.
Compared with the Goldbach conjecture, our following conjecture seems more difficult since there are much more primes than triangular numbers below large x. Conjecture 1. (i) (Zhi-Wei Sun [S08] ) Each natural number n = 216 can be written in the form p + T x , where p is zero or a prime, and T x = x(x + 1)/2 is a triangular number.
(ii) (Zhi-Wei Sun [S08] ) For n > 88, 956 we can require further that p is either zero or a prime congruent to 1 mod 4; for n > 90, 441 we can require further that p is either zero or a prime congruent to 3 mod 4.
We have verified part (i) in Conjecture 1 for n 17, 000, 000 and part (ii) for n 2, 000, 000.
Here is a list of natural numbers not exceeding 88,956 that cannot be written in the form p + T x where p is either 0 or a prime congruent to 1 mod 4, and x is an integer. 2, 4, 7, 9, 12, 22, 24, 25, 31, 46, 48, 70, 75, 80, 85, 87, 93, 121, 126, 135, 148, 162, 169, 186, 205, 211, 213, 216, 220, 222, 246, 255, 315, 331, 357, 375, 396, 420, 432, 441, 468, 573, 588, 615, 690, 717, 735, 738, 750, 796, 879, 924, 1029, 1038, 1080, 1155, 1158, 1161, 1323, 1351, 1440, 1533, 1566, 1620, 1836, 1851, 1863, 1965, 2073, 2118, 2376, 2430, 2691, 2761, 3156, 3171, 3501, 3726, 3765, 3900, 4047, 4311, 4525, 4605, 4840, 5085, 5481, 5943, 6006, 6196, 6210, 6471, 6810, 6831, 6840, 7455, 7500, 7836, 8016, 8316, 8655, 8715, 8991, 9801, 10098, 10563, 11181, 11616, 12165, 12265, 13071, 14448, 14913, 15333, 15795, 17085, 18123, 20376, 27846, 28161, 30045, 54141, 88956. Below is a list of natural numbers not exceeding 90,441 that cannot be written in the form p + T x where p is either 0 or a prime congruent to 3 mod 4, and x is an integer. 2, 5, 16, 27, 30, 42, 54, 61, 63, 90, 96, 129, 144, 165, 204, 216, 225, 285, 288, 309, 333, 340, 345, 390, 405, 423, 426, 448, 462, 525, 540, 556, 624, 651, 705, 801, 813, 876, 945, 960, 1056, 1230, 1371, 1380, 1470, 1491, 1827, 2085, 2157, 2181, 2220, 2355, 2472, 2562, 2577, 2655, 2787, 2811, 2826, 2886, 3453, 3693, 3711, 3735, 3771, 3840, 3981, 4161, 4206, 4455, 4500, 4668, 4695, 4875, 6111, 6261, 7041, 7320, 7470, 8466, 8652, 8745, 9096, 9345, 9891, 9990, 10050, 10305, 10431, 11196, 13632, 13671, 14766, 15351, 16191, 16341, 16353, 16695, 18480, 18621, 19026, 19566, 22200, 22695, 22956, 27951, 35805, 43560, 44331, 47295, 60030, 90441. Conjecture 1 was mainly motivated by the following two known facts: (a) (Fermat) Each prime p ≡ 1 (mod 4) can be written as a sum of an even square and an odd square (see, e.g., [IR, p. 64] ).
(b) (Zhi-Wei Sun [S07] ) If a positive integer is not a triangular number, then we can write it as a sum of an even square, an odd square and a triangular number.
The following result of Linnik [L1, L2] is remarkable: Any sufficiently large integers can be written as a sum of a prime and two squares of integers.
On integers of the form 2p + T x
Similar to Conjecture 1, we also have the following conjecture. (ii) For n > 636, 471 we can require further that p is either 0 or a prime congruent to 1 mod 4; for n > 719, 001 we can require further that p is either 0 or a prime congruent to 3 mod 4.
We have verified the conjecture for n 2, 000, 000. Below is the full list of natural numbers not exceeding 43,473 that cannot be written in the form p + T x where p is 0 or a prime, and x is an integer. 2, 8, 18, 30, 33, 57, 60, 99, 108, 138, 180, 183, 192, 240, 243, 318, 321, 360, 366, 402, 421, 429, 495, 525, 546, 585, 591, 606, 693, 696, 738, 831, 840, 850, 855, 900, 912, 945, 963, 1044, 1086, 1113, 1425, 1806, 1968, 2001, 2115, 2190, 2550, 2601, 2910, 3210, 4746, 5013, 5310, 5316, 5475, 5853, 6576, 8580, 9201, 12360, 13335, 16086, 20415, 22785, 43473. If p is a prime congruent to 1 mod 4, then p = a 2 + b 2 for some integers a and b with 2 | a and 2 ∤ b, and hence 2p = 2a 2 + 2b 2 = x 2 + y 2 where x = a + b and y = a − b are odd integers. So, it follows from Conjecture 2 that each integer n > 636, 471 other than triangular numbers can be written in the form x 2 + y 2 + T z with x, y odd and z ∈ Z. The following list gives all those natural numbers not exceeding 636, 471 that are neither triangular numbers nor sums of two odd squares and a triangular number: 4, 7, 9, 14, 22, 42, 43, 48, 52, 67, 69, 72, 87, 114, 144, 157, 159, 169, 357, 402, 489, 507, 939, 952, 1029. Thus, Conjecture 2 implies the second part of our following conjecture. 2, 12, 13, 24, 27, 34, 54, 84, 112, 133, 162, 234, 237, 279, 342, 399, 652, 834, 864. (ii) Each natural number n ∈ E is either a triangular number, or a sum of a triangular number and two odd squares, where the exceptional set E consists of the following 25 numbers: 4, 7, 9, 14, 22, 42, 43, 48, 52, 67, 69, 72, 87, 114, 144, 157, 159, 169, 357, 402, 489, 507, 939, 952, 1029. We have verified Conjecture 3 for n 2, 000, 000. In [S07] the author proved that any natural number n is a sum of an even square and two triangular numbers, and we also can express n as a sum of an odd square and two triangular numbers if it is not twice a triangular number. What can we say about these exceptional sets? Are they finite?
Here are some of our observations arising from numerical computations up to 10 6 : 125, 133, 143, 169, 209, 235, 265, 403, 473, 815, 841, 1561, 1679, 4325, 8075, 14953} . 8, 11, 16, 20, 50, 53, 70, 113, 128, 133, 200, 233, 245, 275, 350, 515, 745, 920, 1543, 1865, 2158, 3020} . 4, 7, 16, 28, 46, 88, 91, 238, 373 , 1204}, S 8 (5) = {26, 65, 176}, S 9 (1) = {1, 6, 16, 141}, S 9 (4) = {5, 19, 50, 75}, S 9 (7) = {2, 73, 98, 232, 448}.
And the sets S 8 (3), S 8 (7), S 9 (2), S 9 (5), S 9 (8), S 25 (2), S 25 (3), S 32 (5), S 128 (1), S 200 (11) are infinite.
Based on these observations and some further computations, we make the following conjecture. 
